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On Solvability of Tracking Problem
pnder Nonlinear Boundary Contyol

Erkeaim Seidakmat Kyzy and Akylbek Kerimbekoy

Abstract In the paper a nonlinear boundary optimal control problem is investigated
for thermal process described by Volterra integro-differential equation. Sufficient
conditions are established for unique solvability of a nonlinear optimization prob-
lem. An algorithm is developed for constructing a complete solution of the nonlinear
optimization problem.

1 Introduction

Applied problems described by integro-differential equations are often use in
practice [1-3]. Optimal control problems were widely investigated for processes
described by integro-differential equations in partial derivatives of parabolic or
hyperbolic types when control is linearly included in the equation [4-7].

Many applied problems are usually nonlinear. The unique solvability of the
tracking problem for nonlinear boundary control of a thermal process described by
the Volterra integro-differential equation is investigated when the control function
nonlinearly enters into boundary condition. A quadratic functional is the optimality

criterion.
In the research process:

* aweak generalized solution of the boundary-value problem was constructed for
control process, in which Fourier coefficients are defined as the solution of a

linear inhomogeneous Volterra integral equation; ‘ |
* optimality conditions are found by the maximum principle for systems with
distributed parameters [3] and they contained a weak generalized solution of the

adjoint boundary-value problem; '

* nonlinear integral equation of optimal control was obtain
condition in the form of a differential inequality with res;;fz:ct to Fhe
a boundary source, and unique solvability of this problem is studied;

ed with the additional
functions of

e ——

% >eidakmat Kyzy (9) « A. Kerimbekov
YIgyz Russian Slavic University, Bishkek, Kyrgyzstan

?%ﬂngﬁr Nature Switzerland AG 2019
Tl.: : L‘mdahl et al. (eds.), Analysis, Probability, APP
98 I Mathematics, https://doi.org/10. 1007/978-3-0

lications, and Compulation,
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. dition was found for the unique so} Vatfﬂlty . Fhe nonlin
Sl sufﬁcwnI-COF e algorithm for constructing 1ts SOlUtl(?n was

mization problem, { an optimal control, an optimal pr

1 the form of @ triple, consisting ©

value of the functional.

. control problem un der consideration for Volterra operator POSsesseq
Opllﬂ; ific Prbperties which are not fulfilled when Volterra operator is
some Spec

by Eredholm operator. For example,
) basic and adjoint boundary-value problems for the Voltans

parameter A, then solution of the boundary-value propjep,
for values of parameter A varied only on a fipjge

S opyj.
develope
OCess, ang

q minimuim

replace

. if solutions of both
operator exist tor any
for Fredholm operator exists only

interval; |
. boundary-value problems for the Volterra operator have the property of continy.

ahility with respect to the time variable ¢, whereas boundary-value problems for
the Eredholm operator does not have this property, and it significantly affects the

solvability of the optimal control problem.

Therefore. boundary optimal control problem under consideration for a thermal
process is of theoretical and practical interest.

2 Formulation of the Optimal Control Problem:
Optimality Conditions

Consider an optimization problem in which it is required to find the minimum value
of the integral quadratic functional

r o T
J[u(r)]zf f [V(t,x) — E@t, x)]*dxdt ﬁf u’(t)dt, B > 0. (1)
0 Jo 0

Here V (1, x) characterizes the state of the controlled process, & (%, x) describes the
desired state of the controlled process for a given time, and u(t) is the COEU‘OI
function. Optimal control problem is in the definition of the control function u"(/ )

for which together with the corresponding to its solution VO(z, x) of following
boundary-value problem:

[
Vr=Vm+AfO K, V@, x)dr, Oy =1 0=t < T,

V(0,x) = y(x), 0<x <1, (2)

Vx(t,00 =0, Vi(t, D) +aV(t, 1) = plt,u@)], 0<t < T,
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1y it minimizes the functional (1). Here K (¢, t) is a given function defined in
W hl'Ln p={0<tS T, 0 <t < T} andsatisfies the condition
regto™ =

sup |K(t, t)| = K,
(r,r)eD

7.5 € H(Q), Q= 0 <x < i Qi £ T w(t,x) e H, 1), plr,u(t)] € H(,T)
AL4h
(3)

e given functions and function p[f, u(t)] is nonlinearly dependent on control
;‘unc;ion «(1) € H(0, T) and satisfies the condition, i.e.,

pult.u(®)] #0, Vet € (0, 7), (4)

; is a parameter, 7 is fixed time moment, @ > 0, and H(X) is a Hilbert space of
quadratically summable functions defined on the set X.

Control #°(¢) is called an optimal control, and the corresponding to its solution
v0(z, x) is an optimal process. Note condition (4) ensures a one-to-one correspon-
dence between elements of space {u(7)} of controls and space {V (z, x)} of solutions

of the boundary-value problem (2).
To determine the optimal control we calculate the increment of functional (1).

Since to each control u(t) € H(0,T) corresponds uniquely a unique solution
V(t.x) € H(Q) of the boundary-value problem, the control u(r) + Au(r) €
H(0.T) corresponds to the solution of the boundary-value problem (2) of form
Vit.x)+ AV(t,x) € H(Q), where Au(t) is increment, 1.e., the solution of the
boundary-value problem has an increment AV (¢, x) corresponding to the increment
Au(z). Similar to [3], by means of the direct calculations the increment of the

functional can be represented in the form

AJ[u@®)] = J[u() + Au(t)] — Ju(@)] =
= —fDT All|[t, V(r,x),w(r,x),u(f)]dr+[}rj;1 le:(r,.r)d,rdr,
where
AL, -, u(t)] = H[t, -, u(t) + Au(t)] — [t, -, u(t)],

I, V(t, x), o(t, x), u(t)] = plt, u@®)]o(, 1) — Bu*(), (5)

¥ rw_- S
Elhr F
Al e

r = I"“r-‘
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H(Q) is the unfgque wenk peneralized nolution (e COFfe

i i _ IQI"""
) of boundary value |u'uhlulu ol the lorm Hny_

and @(f, X) ¢ A
Cﬂﬂll‘ﬂl Hlﬂ L Hl”,

e .
TR / K (v, D (r, dt = 2LV x) <4 x)],
ity AW
v

Pex<el; V€t <7,

w(Z, x) =) (<«x e |

l'f”
wc(1,0) =0, o, )+ow(, 1) =0 0Lr<7
6) is called adjoint boundary-value problem.
AS |
T |
[ f AVA(t, x)dxdt |
Jo Jo |
is nonnegative, the following relations hold:
1. If
AJu()] = J{u@) + Au(t)) = J{u(t)] = 0, (7)
then function I7[t, V (1, x), w(t, x), u(t)] must satisfy inequality
AH[I,-, Ill"(r)] =H[Z‘,,u(t)+Au(f)] _nlt,',u(t)l E “* (HJ

2. If conditions (8) hold, then the functional satisfies condition (L),

On basis of these relations we obtain the maximum principle for function

1'.{[:, V(t, x), w(t, x), u’(t)], the essence of which lies in the fact that for optimality
of control it is necessary and sufficient that condition

It V(t, x), (1, x), u’(t))(=) sup 11, V(t, x), w(t,x),ul

ueZz

Is satisfied almost everywhere on interval 10, T'], where Z is acceptable values sct
of function u(t) for each fixed T'

Solving for function (5) the extre

. mal problem for the unconstrained maximun
We obtain necessary conditions in th

¢ form of the fol lowing relations:

(1, V(t, x), w(t, X), u(t)] =

- Pult, u(®))w(t, 1) — 2Bu(r) = 0, )
s VX, 00,0, u0] = pult, u]o. 1) - 28 <0, (1

which are called optimality conditions,
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The g‘i]"“"m”"?" condittons contain solution w(r, x) of the adjoint hﬁundnr}'ﬂ
sliminating the function @, x) from (10), we obtain the following optimality

l'\“h““‘ﬂ":

pult nml( 2 ) . 0
A pulf.HU” " | (1)

Thus, we find optimal control according to conditions (9) and (1 1). We note that
condition (11) restricts the class of given functions {plr, u(r)]}, which essentially
affects the solvability of the nonlinear optimization problem. Therefore, in the
cubsequent arguments it 1s assumed that condition (11) is satisfied for Yu(r) €
H(0, T). Then, to find the optimal control it suffices to consider only relation

28u(r)
Pult, u(r)]

— N (12)

We note that the solution of the adjoint boundary-value problem (7, x) can be
found only after determining the function V (¢, x) according to (6), i.e., solution of
the basic boundary-value problem.

3 Solution of the Basic Boundary-Value Problem

We consider the boundary-value problem (2), where the function p|f, u(7)] satisfies
conditions (4) and (11) for any control u(t) € H(0, T).
We are looking for a solution of problem (2) in the form

00 |
V(fi -r) — Z: ‘/H (I)EH (I)! V};(f) — fo V(rt -r)& -:H (-r)dI! (13)

RNl

where

Z(Aﬁ + ?)

COSARY A= IT20S8 ¢ ey
A+l + o

Zn(x) =

are the eigenfunctions of the bou ndary-value problem
2'(x) +Ad2(x) =0, Z'(0)=0, 2'(1)+az(l)=0,

larncl the corresponding eigenvalues A, are defined as the positive roots of the
Hfiscendental equation A tan A = « and satisfy the conditions

(H-— 1)71' < Jhu < ?2-(2;*: — l), .:\.ﬂ - A-n—{-l; n= 1, 2| 3:---1 nl—ibn;::-)." =

5

Scanned by TapScanxner




E. Seidakmat Kyzy and A R |

712

e

Further, by me
coefficients V, (1) a‘rc d , .
intecral equation of the second Lype

ans of the direct calculations we established thg;
ofined as the solution of the linear mhomogeneous Vol
(

-

nmbekt:w

e F"33’111‘ivs:r

[
Vn(r):f K”(F,S)VH(S)dS
0

for each fixed n = 1, 2. 3...., where the function

r
)\ 2t

KH(I!S)=[ € ln(r T)K(ri

L)

is a kernel, and the function
—Aat e

an(t) = ey, +f -7, (1)

0

1s a free term of the integral equation.

Similar to [8], we find the solution of Eq. (14) by formula

[
Valt)i= }L'/{; R, (t,s, N)ay,(s)ds

where the resolvent R, (t, s, A) of the kernel Ki(tis
Series

an(t)
(14)
s)dt
plt, u(r)ldr
+an(f), (15)

) 18 determined by Neumann

o0
Rultis, k)-= Y SAinL s byioeasini 203, 4 . (16)

1=l

The iterated kernels K, i(t,s) are found by formulas

[
K”J‘ (T,S :f !
+1 ) : Kﬂ(r! H)Kﬂ,l(ni S)d??s Kﬂ,l(rr S) = Kn(f, S)-.n | = 112’ 3"'”

and satisfy Inequalities ‘Kn i(t, 5)| >, (5_{1) (t—s)i~!

(e.¢]
Rt D] < B ey 1,9 < 30 gt (K ) €=9
; i=] 3 = Arzl (I e l)'
gl =y |l (ll\ﬁ'n(f—-a) b=l R |
& — |4 ) Ky Mgy |
Rn(t, s, 2
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account (13) and (15), we find the solution of boundary-value

mking 1010
formula

§) /
oblem (2 b}

J

Vi, X) = Z Ivf,,(!,k) -+ /“ Sn(t, T, L)z (1)plr, “(T)ld‘f]zn(x), (17)

ne|

where

2 .f .
]T{;”(f‘ },‘) — lff” [fz’ --}.”f +- }f RH (f, Y, l)eﬁﬂﬁrdﬂ'],

()

[
L\ A\ S R
Sut) T, X) =120 ”+}"f Rn(t, 5, M)e~ =",
(4

Further, by means of the direct calculations we have proved that the function
v(t.x) is an element of the space H(Q) and this function is called a weak
generalized solution of the boundary-value problem (2).

4 Solution of the Adjoint Boundary-Value Problem

We are looking for a solution of the adjoint boundary-value problem (6) in the form
1

w(f,x)zzwn(szn(x)s wn(f)zf w(t, x), zZp(x)dx. (18)

n=|\ 0

Fourier coefficients w, (t) are defined as solution of linear inhomogeneous Volterra
integral equation of the second type

ji /A
wp(t) = lf B, (s, )w,(s)ds — Zf e"’“lef”"”[vn(r) — &, ()]ldT, (19)
! I
=2 () N RO

where

5
By(s,t) = f €_lﬁfr_I)K(S. 7)dT.
[

Here V,,(t) and &n (1) are the Fourier coefficients of functions V (¢, x) and §(7, x).
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On ‘iﬂlvﬂhilily of Tr
cion i cale that function w(r, x) is an clement of the space f(Q)

*'Hﬂﬂl{ | g e Smaden e .
unction 18 called a weak generalized solution of adjoint boundary-valye

it 18,2
and this |
pmb(r#nr (6).

5 Nonlinear Integral Equation of Optimal Control

[n the aptimaﬁly condition (12) substituting the function (22), we obtain the relation

o0 ] f "
ey | Z n(t, T, A)S, (2, y, M)d r o
i L ey 4 0. N/t Y A) T) n(D)ply, u(y)ldy =

X / 4
— Z:n(l)/ E-n“i O l)bn(r, l)d‘r. (23)
f

nw= |

where only control function u(r) is unknown. This relation is called the nonlinear
integral equation of optimal control.
Unique solvability of nonlinear integral equation (23) is investigated according
to the procedure of work [9] tested in several studies of nonlinear optimal control
problems [10-12]. Let’s assume that

= v(1). (24)

We consider this equality as implicit function with respect to control function
1(11)1 Then, according to the optimality condition (11), Eq. (24) is uniquely resolved
Hirespect to the function u(t), i.e., there is such a function (.(-) that

u(r) = ult, v(tr), Bl. (25)

A .
ceording to (24)—(25), we reduce Eq. (23) to the following form:

00
V(1) + &L f7
;zn(l)fo ([ En(t, T, A)Sy(x, y.l)dr)zn(l)p[y,ﬂ[y, v(y), Bl] =

o0 T
— Zz,,(l) f E,(t, 1, A)by(z, A)dzr. (26)
n=| :
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We introduce the notation

N P 7 Y
]I]‘[I” & E:H{]) £ (.[ E”(I, T )L)Sn (T Vs l)dt)Zn(l)P[.}’a M[}', U(y)1 ﬁ]]dy1

n=]

00 1
=Y u® [ E,
= bt 1) =2 en ) [ Bt 2,098,

n=]

and we rewrite Eq. (26) in the operator form
v+ L[v] = h. a,

Further, by means of the direct calculations we have proved the followjng
lemmas:

Lemma 1 The function v(t) is an element of Hilbert space H (0, 17y,
Lemma 2 The function h(t, 1) is an element of Hilbert space H (0, T).

Lemma 3 The operator L[v] maps spaces H (0, T) into it .e., it i
Rl ! self, i.e., it is a
of Hilbert space H(0, T) for any v(t) € HQO, T). heirem

Lemma 4 Suppose that for the functi
. | | tion plt,u(t)] the Lipschit tion i
satisfied with respect to functional variable U lite. i

pltu®)] = plt, w(®)]| < polu(r) — u(r)|. po > 0,

MU V(@) B1 = plt, 5(r), B]| < HoB) V() = B(1)|, wo(B) > 0.

Then if the condition

metric space A (0, 7) into itself and

: r : , by the . -
Solution of Operatg SIS @ unigue fixed linaintth?)rﬁl’trtll1 e
: | O the operator L[v], which 1s &
O
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on .qnh’ﬂl‘l‘”“}; s

'\I‘P"‘“i"mm Hﬂ]llllﬂll&:i ol operator equation (27) are constructed by the method

T essive approximations |
of SUL

Vg = L{Vk=1] 4+ h, k = 7 o, PR

The exact solution V(1) of the operator equation (27) is defined as the limit of the
- L.e.. V(1) = lim v (¢) and it satisfies the ectim:

wquence {1 )}, i.e., V(1) m k(1) and it satisfies the estimate [13]

k

Y

[

5@ — v OlaO.T) < ¥ ILLvo(O)] + A(t, 1) = vo(t) || 0.7,

where vo(1) 1s an arbitrary element of space H (0, 7).
qubstituting the found solution v(#) into (27) we find the required optimal contro

W) = ult, v(t), Bl (28)

which is a solution of the nonlinear integral equation (23).

6 Construction of the Complete Solution to the Nonlinear
Optimization Problem

Substituting the optimal control (28) in (17) instead of the control u(¢) we obtain
the optimal process

00 i
Vﬂ(r,x) = Z lv,[rn (t, A) —I—/ Sn(t, T, X)za(l)ple, uo(r)]dr}z,,(x),
0

n=1|

.e., the solution of the boundary-value problem (2) corresponding to the optimal
contro] " (¢).

'ﬁ*xfler determining the optimal control and the optimal process, we calculate the
Minimum value of the functional (1) by the formula

| TS ] o= >
b J[u(t)] = / f vou, x) — &t x)2dxdt + ﬁfo [’ (t)]dt.
3 0 0

t thus, the found triple (u"(r), VY(t, x), J[uO(2)]) is called a complete solution
0 non]lneal‘ Optlmlzanon Pl'Oblem (1)_(4)
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